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Abstract 

In this paper, we study approximate cloaking of active devices for the Helmholtz 
equation in the whole space of dimension 2 or 3 using the scheme introduced by 
Kohn, Shen, Vogelius, and Weinstein in [T2]. More precisely, we assess the degree of 
invisibility, determine the limit of the field inside the cloaked and cloaking regions, 
and show that the scheme is unstable with respect to the material parameters. As a 
consequence, we obtain some feasible properties of "perfect" cloaking. 

1 Introduction 

Cloaking via change of variables was introduced by Greenleaf, Lassas, Uhlmann [10] 
for electrical impedance tomography, Pendry, Schurig, and Smith |21| for the Maxwell 
system, and Leonhardt [H] in the geometric optics setting. They used a singular change 
of variables which blows up a point into a cloaked region. This singular structure implies 
not only difficulties in practice, but also in analysis. Some approaches [6], |25| . [26] are 
proposed to tackle this problem mathematically based on the notion of "weak" solution. 
To avoid using the singular structure, regularized schemes have been proposed in [23], [2], 
[28 , [22J, [12] . and [7]- The reader can find more information and references related to 
cloaking in the works mentioned above or in the reviews [9] and [27J. 



In this paper, we study approximate cloaking of active devices for the Helmholtz 
equation in the whole space of dimension 2 or 3 for the scheme introduced by Kohn, Shen, 
Vogelius, and Weinstein in [12], where they used a transformation which blows up a small 
region instead of a point into the cloaked region. We assess the degree of invisibility, 
determine the limit of the field inside the cloaked and cloaking regions, and show that the 
scheme is unstable with respect to the material parameters. As a consequence, we obtain 
some feasible properties of "perfect" cloaking. More precisely, let e denote the parameter 
of regularization i.e. the ratio between the diameter of the region blown up to the cloaked 
region D and the diameter of the cloaked region: 
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a) In the 3d non-resonant case i.e. when the frequency is not an eigenvalue of the 
Neumann problem in D, we show that the difference between the field and the "push- 
forward" of the solution of the Helmholtz equation in free space is of order e in any 
bounded region away from D (Theorem [1]). Concerning the limiting behavior of the 
approximate field in D, we prove that it converges and the limit is the solution of the 
corresponding Neumann problem in D (Theorem Q] and Definition [1]) . 

b) In the 3d resonant case i.e. when the frequency is an eigenvalue of the Neumann 
problem in D, under the assumption that the source inside the cloaked region is orthogonal, 
with respect to the L 2 -scalar product in D, to all Neumann eigenfunctions Q (this holds 
if the cloaked region is passive), we also prove that the difference between the field and 
the "push-forward" of the solution of the Helmholtz equation in free space is of order e in 
any bounded region away from D, the approximate field converges in D and the limit is 
uniquely determined. However, this limit is not only a solution of the Neumann problem 
in D, but also depends on the value of the solution of the Helmholtz equation in free space 
at the point where the maps are blown up in a quite involved manner (Theorem [1] and 
Definition [T]) . 

c) In the 3d resonant case, without the assumption on the orthogonality of the source 
mentioned in statement b), the energy of the field inside D explodes as e — > 0; moreover, 
cloaking can be not achieved (Proposition [2]). 

d) In the 2<i-non resonant case (see the definition in Definition [2]) , we show that the 
field converges to the "push-forward" of the solution of the Helmholtz equation in free 
space in any bounded set away from D with a rate l/|lne| and the limiting behavior of 
the field in D exhibits a non-local structure. Therefore, the limit is generally not the 
solution of the Neumann problem in D (Theorem [2] and Definition [2J . 

e) In the 2d-resonant case (see the definition in Definition [2]) , we prove that the energy 
inside the cloaked region can go to infinity and cloaking can be not achieved (Proposi- 
tion E}. 

/) Concerning the stability with respect to the material parameters inside the cloaked 
region without a source, we show that cloaking is unstable with respect to these parame- 
ters. Roughly speaking, there exist some fixed parameters such that for each e, one can 
perturb these parameters by an amount of order e in 3d and l/|lne| in 2d so that the 
degree of visibility is of order 1 (Proposition [4]). 

Remark 1. Property f) does not contradict Properties a) and d) since Property f) is only 
stated under a condition on the amount of the perturbation which does not hold when the 
material parameters are fixed. 

Remark 2. A similar conclusion as in statement f) for 2d bounded domains is previously 
observed by Kohn et al. 1 11]. 

lr This condition is necessary and sufficient to have a solution of the Neumann problem. This is a 
consequence of the Fredholm alternative theory. 
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Our results in the 3d non-resonant case are compatible with what has been mentioned 
in the literature: cloaking is achieved, the energy of the field is finite in the cloaked region, 
and the limit of the field inside the cloaked region is the solution of the Neumann problem 
see e.g. [6], [26J. However, our results in the 3d resonant case are quite different. In the 
setting in [6], the limit field could be any Neumann eigenfunction in the cloaked region 
for a passive device. In [26], the author asserted that the field inside and outside the 
cloaked region are completely decoupled from each other. It is discussed in the literature 
that: cloaking for the Helmholtz equation is achieved and the energy of the field inside 
the cloaked region is finite (see e.g. [6], [4], [25], [26]). The 2d perfect cloaking has not 
been rigorously studied as extensively as in the 3d one and it is often argued that the field 
in the cloaked region is a solution of the Neumann problem. 

We recall that the weak solution considered in [6] is only discussed in 3d. The degree of 
invisibility in the approximate cloaking problem is more widely understood when one uses 
an appropriate lossy-layer. In this case, the same estimates as above hold independent 
of the material parameters in D (see [11] . [17] . [19] ) and there are explicit frequency 
dependent estimates which are valid for all frequency (see [19]). The zero frequency case 
is less complicated. This is studied in [12] (see also [18]) where no lossy-layer is used and 
better estimates are obtained. Without a lossy-layer, the degree of invisibility in 2d is 
discussed in [22J when the material parameters inside the cloaked region are isotropic and 
homogeneous, and the approximate cloaking is confirmed for the 3d non-resonant case 
in [8j (without an estimate of the degree of invisibility). Recently, Grccnlcaf, Kurulev, 
Lassas, and Uhlmann [5] observed that cloaking without shielding is possible (compare 
with our results in the 3d resonant case). 

Let us describe the problem more precisely. To illustrate the idea, let us suppose that 
the cloaking region is the annular {1 < \x\ < 2} and the cloaked region is the unit ball B 
centered at the origin of M. d (d = 2,3). Using the scheme in [12] . the parameters in the 
cloaking region are given by 

where F e is the maps which blows up the ball B e into B\ given by 

x iixeR d \B 2 , 



2 -2- + Jx\_\x iixeBAB ^ (L1) 



2-e 2-eJ\x\ 
x 

£ 



if x € B e . 



Hereafter we use the standard notation 

„ ,, , DF(x)A(x)DF T (x) , . . E(x) , „ , 

(1.2) 

for any matrix-valued function A and any complex function £ and we denote D r the set 
{rx; x € D} for any open bounded set D of W 1 and for any r > 0. 
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Let a be a uniformly elliptic matrix- valued function denned in Bi, a be a complex 
function defined in B\, f E L 2 (R d ) such that < ess inf < ess sup $j(cj) < +00, 
< ess inf < ess supK(<r) < +00, supp/ C (-B4 \ -B3) U B\. For k > 0, let u,u c G 
H x (M. d ) be the unique outgoing solutions of the equations 

Au + k 2 u = fX{\ x \>2] (1.3) 

and 

dw(A c Vu c ) + k 2 Y> c u c = f in R d , (1.4) 
where Xfi denotes the characteristic function of the set f2 for any ficK 1 *, and 

1,1 mR d \B 2 , 



F £ J,a c = F e ,l in B 2 \B 1 , (1.5) 
a, a in B 



l- 

In the following, whenever we talk about outgoing solutions to a Helmholtz problem at 
frequency k, we mean solutions that satisfy 

dv , 

— ikv = o(r 2 j as r = \x\ —> 00, 

or 

where d = 2 or 3 is the dimension of space. 

Remark 3. Physically a, a are the material parameters in the cloaked region B\; f is a 
given source outside the cloaking region, u describes the field corresponding to the source 
existing outside the cloaked and cloaking regions in free space, and u c describes the field 
due to the source f in the presence of the cloaking device and the cloaked object. 

The effectiveness of the approximate cloak and the limit of u c as e — » are described 
in Theorems [1] and [2] below. The proofs will be presented in Sections [2] and [3j 

Theorem 1. Let d = 3, k > ; and < e < 1. Define^ 

M := G H 1 (Bx); div(aV^) + k 2 atp = in B 1 and aVV> • V = on ObA. (1.6) 

In the resonant case i.e. when M ^ {0}, assume in addition that / /e = for any 

n - Jb 1 

e G M Then for all K CC M 3 \ B x , 

\u c -uoFq X \\ h i^ < Ce\\f\\ L 2, 

for some positive constant C depending on k, K, a, and a, but independent of e, f . We 
also have that u c — 1 Cl^(f) weakly in H l (B\). As a consequence 

lim \\u c - Cl 3 (f)\\ L 2 {Bl) = 0. 



In the following, r\ denotes the unit normal vector on dD directed to the complement of D for any 



smooth bounded open subset D of 

3 This condition is necessary and sufficient to have a solution v £ H 1 (Bi) of the system div(aVu) + 
k 2 av = / in Bi and aVv ■ r\ = on dB\ by the Fredholm alternative theory see e.g. [1] or [13| . 
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Here and in the following, Fo(x) := lim £ _>. F e (x) for x G M d \ {0} and for d = 2, 3. 
The operator CI3 is defined in the following 

Definition 1. Let d = 3. We define CI3 as follows: 

i) The non-resonant case: M = {0}. Define Cl${f) = v where v G H {Bi) is the 
unique solution of the system 

div(aVv) + k 2 av = f in B\, 



aVv ■ rj 



on dB\. 



ii) The resonant case: M 7^ {0}. Assume in addition that I fe = for any e G M. 

Consider the triple of functions (v ex t, v- m t, w) G VF 1 ^ 3 \B\) x H 1 {B\) x M 1 - which 
is the unique solution of the systems 



Au cxt = inR 3 \B 1 , 
div(aVf i n t) + k 2 av i nt = / in B\, and < 

div(aVw) + /c 2 cju; = in Bi, 

Define 

Ch{f) = V^. 



( v ext - ^nt = ~u(0) on dBi, 
aV^int • rj = on , 



9f„ 



aVw ■ rj on dB\. 



Hereafter for a connected smooth open region U of M 3 with a bounded complement 
(this includes U = M 3 ), is defined as follows @ 

W l {U) = UeL\ oc {U); ^= G L\U) and G L 2 (U)\. (1.7) 



and 



cxt 



denote the trace of 



On the boundary dD of any bounded open set DcK ; 

from the outside and the inside. For any closed subspace M of H 1 (D), we also denote 
the space M 1 - by 

M -1 = j^/j G H l (D); j (y^V(j) + ip<t?Jdx = V0 G Af}. (1.8) 

Remark 4. T/ie uniqueness of the triple (v ex t,Vi n t,w) is established in Lemma [H ^Sec- 
tion\E\)- The existence of (v ex t, ^int, w) will follow from the proof of Theorem^ 

The following definition will be used in Theorem [2] concerning the 2d setting. 



4 The space W 1 , which is defined here in 3d and later in 2d (see Definition [2]), has been used in the 
study of the Laplace equation in an unbounded domain e.g. [16] . 
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Definition 2. In the 2d setting, the system is non-resonant if the following problem 

( Aw = in M. 2 \B l , 

div(oVtt;) + k 2 aw = in B\, 



(1.9) 



dw 
, dn 



cxt 



aVw • n 



hit 



on dB\. 



only has the zero solution in W (Mr). Otherwise, the system is resonant. In the non- 
resonant case, we define Civ2(/) = v the unique solution in W 1 {M?) of the system^ 

( Av = inR 2 \B 1 , 
div(aVi>) + k av = f in B\, 



dv 



cxt 



on dB\ 



hit 



Hereafter for a connected smooth open region U of M 2 with a bounded complement 
(this include U = R 2 ), W l (U) is defined as follows 



W\U) = {^eL\ oc {U) 



2p(x) 



ln(2+ \x\)y/T 



x\ 



G L 2 {U) and Vip G L 2 (f)|. (1.10) 



Theorem 2. Let d = 2, k > 0, and < e < 1. Assume that the system is non-resonant. 
Then for all K CC M 2 \ B 1; 



\u c -uoF Q 1 \\ H i( K ) < 



C 



Ins 



L 2 



for some positive constant C depending on K, k, a, and a, but independent of e and f. 
We also have that u c — v C?2(/) weakly in H l {B\). As a consequence, 

lim \\u c - Ch(f)\\u»f Bl ) = 0. 

Remark 5. From Theorem^ the limit of the field in D is when the cloaked region is 
passive in the 2d non-resonant case. 

We also show in the following proposition that if k is small enough (the smallness condi- 
tion depends only on the bounds of a and a) then the system is non-resonant. Proposition!]] 
will be proved in Section [3l 

Proposition 1. Let < c\ < C2 < 0. Assume that cilCI 2 < «,£) < c 2 \i\ 2 , < 9(a) < 
C2, c\ < D?(cr) < C2 in B\. There exists k^ > 0, depending only on c\ and c%, such that if 
k < ko, then the system is non-resonant. 



The existence of v is a consequence of the Fredholm alternative theory (see also part ii) of Lemma|5) 
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The following proposition, which will be proved in Section 01 establishes the results 
mentioned in statement c). 

Proposition 2. Let d = 3 and k > 0. Assume that M ^ and fix an element e € M 
such that ||e ||^2 = 1. Let u c be the solution of (11-41) with f = in R 3 \ B\ and f = e 

H^e have 

liminf e||n c ||^i( Bl ) > 0. 

ii) Assume in addition that e is radial, a and a are isotropic and homogeneous in B\ 
i.e. a = Ail and a = A2 for some positive constants Ai and A2. Then 

limmf \\u c \\ L 2 {Bi \ B2) > 0. 

Concerning the 2d-resonant case, we have the following proposition which establishes 
the results in statement e) and is proved in Section [5j 

Proposition 3. Let d = 2 and k > 0. Assume that the system is resonant. Define 

N = |^ € W 1 (R 2 ); V satisfies (fL9l)|. 

Fix an element e € iV suc/i i/iai || e ||i 2 (_B 1 ) = 1- £ef ii c £ -ff^K 2 ) 6e £/ie unique outgoing 
solution of (|1.4p urai/i / = in M 2 \ B\ and f = e in B\. 

i) We have 

liminf ||u c ||//i(£ -i =+00. 

ii) Assume in addition that e is radial, a and a are isotropic and homogeneous in B\ 
i.e. a = \\L and a = A2 for some positive constants X\ and A2. Then 

liminf\\u c \\ L 2 (Bi \ B2) > 0. 

Concerning the instability of the approximate cloaking with respect to the material 
parameters inside the cloaked region, we establish the following result which is proved in 
Section [6j 

Proposition 4. Let d = 2,3, k > 0, and n G M. d with \rj\ = 1. There exist a positive 
number o"o > and a family of positive numbers (a £ ) such that 

< liminf e _ 5 .o£ -1 | cr £ — o"o| < limsup^o £~ l \o~ e — o"o| < +00 if d = 3, 

(1.11) 

< liminf^o | lne||<T e — o"o| < limsup £ _j, | lne||<T £ — ao\ < +00 if d = 2, 

and 

limmf || u CjS \\ L 2 (b 4 \b 2 ) > 0. 
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Here u CjS £ Hj- oc (M. d ) is such that u CtS satisfies the outgoing condition and u c (x) := u CjS (x) + 
e ikq-x ^ s a so i u ti on j ih e equation 

div(A c \7u c ) + y?Yi c u c = 0. 
Here (A c , E c ) is defined in (|1.5p with a = I and a = a e . 

Remark 6. We recall that when the parameters a and a are fixed and the cloaked region 
is passive, cloaking is achieved in the 3d and 2d non-resonant cases (see Theorems^ and 
Nevertheless Proposition^ does not contradict this fact since it holds under condition 
(jl.lip which is invalid for fixed a e and a e . 

Our approach to Theorems [JJ and El is based on the study of the effect of a small 
inclusion. The study of approximate cloaking based on the effect of a small inclusion were 
discussed in |12| , |15| , |18j , , |17| , |19] . It is well-known that when material parameters 
inside a small inclusion are, roughly speaking, bounded from below and above by positive 
constants, the effect of the small inclusion is small (see e.g. |24|). Without this assumption, 
the effect of the inclusion is not small (see e.g. [11], [IT]) unless there is an appropriate 
lossy-layer (see [UJ, [J7], [E]). In our setting, the boundedness assumption is violated 
and no lossy-layer is used. Nevertheless, the effect of the small inclusion is still small (in 
the non-resonant case) due to the special structure induced from (jl.2j) . The starting point 
of our approach relies on the following well-known fact: 

Proposition 5. Let d > 2, k > 0, A be a bounded matrix-valued function and £ be a 
bounded complex function defined on M. d , h £ L 2 (M. d ), and F : M. d — >• M. d be a Lipschitz, 
surjective, and invertible with F(x) = x on M. d \ B2, and det DF > c a.e. x € M. d , for 
some positive constant c. Then u £ i? 1 (Mr) is a solution of 

div(^Vn) + k 2 T,u = h inR d 

if and only if v := u o F^ 1 £ H^(M. d ) is a solution of 

diviF^A Vu) + k 2 F^ v = F*h in R d , 

where F*A and -F*£ are defined in (jl.5p . and F*h is similarly defined as F^T,. Moreover 
u = v outside B2. 

Finally we want to mention that the approximate cloaking for the wave equation has 
been recently studied in [20J where an appropriate lossy- layer is used. 

The paper is organized as follows. Section [2] is devoted to the proof of Theorem [TJ In 
Section [3] we prove Theorem [2] and Proposition [TJ The proofs of Propositions [21 [3[ and [4] 
are presented in Sections [H \5\ and [6j 
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2 Proof of Theorem [T] 

It is clear from the definition of (A C ,T, C ) in (11.5P that A c = F £ *A £ and S c = F e *Yl e 
where 

7,1 iixeR 3 \B e , 
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-a(x/e), — a(x/e) if x € B £ . 



Applying Proposition \5\ Theorem Q] is a consequence of the following 
Theorem 3. Let k > and < s < 1. Let u £ £ H^R 3 ) be the unique solution of 

div(,4 e Vu £ ) + A; 2 S e u e = F~ X J in R 3 , 

u e satisfies the outgoing condition. 



In the resonant case, assume in addition that I fe = for all e G M. T/ien /or aii 
r > 0, there exists a constant C = C(r,k,a,a) which is independent of e and f such that 

\\u £ - u\\m(B 3r \B 2r ) < Ce\\f\\ L 2. (2.1) 
Moreover, if U £ (x) = u £ (ex), then U £ Cls(f) weakly in Consequently, 

lim\\U £ -Ck(f)\\ L2(Bl) =0. 

Here the operator CI3 is given in Definition Q3 

The rest of this section will be devoted to the proof of Theorem [3l 

2.1 Preliminaries 

In this section we present some lemmas which will be used in the proof of Theorem [3l 
Instead of dealing with the unit ball B\, we will present results for a smooth open subset 
D of M. 3 . We will also suppose that D C B\ and M 3 \ D is connected. We first "recall" 
the following result |17} Lemma 2.2] which will be useful in our analysis. 

Lemma 1. Let < e < 1, and g £ € H^idD). Assume that v £ G H 1 (M 3 \ D) is the 
unique solution of 

Av £ + e 2 v £ = in M 3 \ D, 

v £ = g £ on dD, 

v £ satisfies the outgoing condition. 
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i) We have 

he\\ H l {Br \D)<C r \\g E \\ H i (dD) Vr>5 ' ^ 

and 

£ ll2 \\Ve\\ L i{B ir/£ \B r/E ) < C r\\9e\\ H l (dD y (2-3) 

for some positive constants C r = C(r, D). 

ii) Assume in addition that g £ — 1 g weakly in H?(dD) as e — > 0. Then v £ — * v weakly 
in (M 3 \ D) where v G W 1 (R 3 \ D) □ is the unique solution of 



loc 

Av = in R 3 \ D, 
v = g on dD. 



(2.4) 



Proof. Inequalities (|2.2p . and (|2.3p with r = 1 are in p71 Lemma 2.2] . They are 
consequences of the fact that the fundamental solution of the Helmholtz equation converges 
to the fundamental solution of the Laplace equation as the frequency goes to in 3d. The 
proof of (|2.3p in the general case follows in the same manner. Part ii) follows from part 
i) as follows. From part i), one may assume that v £ — v weakly in H^^M. 3 \ D) (up to 
a subsequence) and v satisfies (12. 4p . Using the representation formula and the the fact 
that the fundamental solution of the Helmholtz equation converges to the fundamental 
solution of the Laplace equation as the frequency goes to in 3d, one can prove that 
v G ^(M 3 \D). Since (f!Ti|) has a unique solution v G VF^R 3 \D) (see e.g. [El Theorem 
2.5.14 on page 64] ), the result holds for the whole family (v e ). The details of the proof 
are left to the reader. □ 

In what follows, a denotes a real symmetric matrix- valued function and a denotes a 
complex function defined on D. We also assume that a is uniformly elliptic and a satisfies 
< ess inf Kcr < ess sup Kcr < +oo and < ess inf 9<r < ess sup < +oo. We define 



M 



:= jv> G H\D); div(aV^) + k 2 aip = in D and aVip ■ n = on di}}. (2.5) 



The following lemma establishes the uniqueness of (v,w) in Definition [H This lemma 
is also used in the proof of Lemma [3J 

Lemma 2. Assume that the system is resonant i.e. M ^ {0}. Then there exists no 
nonzero solution (v,w) in W 1 (M 3 ) x M of the systems 



Av = inW\ D, 



div(aVu) + k 2 av = in D, and < 

div(aVw) + k 2 aw = in D, 
Here M and M 1 - are respectively defined in (|2.5p and ([TT 



dS/v ■ rj 



= on dD, 

int 



Ov 
dn 



(2.6) 

aVw • rj = on dD. 



6 The space W 1 is defined in $T7Q . 

7 There is a typo in |17l (2.4)] for d = 3 where the term e 1 ^ 2 is missing 



10 



Proof. Since v £ W 1 (R 3 \ D), it follows from that 

i,-, i o f dv 
JdD Or] 

On the other hand, from (|2.6p . we have 



cxt 



<9D 



(aVw ■ r])v. 



k 2 a\v\ 2 = 0. 



(aVu, Vv) - 

D J D 

This implies that v = on the set {Qu > 0}. Thus we deduce from (j'2.6p that 



(aVw ■ rj)v = / aVwVv - 
dD Jd Jd 



k 2 awv 



aVvVw — / k 2 avw 
d Jd 



(2.7) 



(2.8 



and 



/ aVvVw — / k 2 avw = / (aVu • n 
Jd JdD 



rat 



)to = 0. 



(2.9) 



A combination of ([57]) . (ETS]) . and ([53]) yields v = in M 3 \ D. It follows that, by 
and the unique continuation principle, 

v = in R 3 

From (|2.6p . aVw • n = 0. Hence u> = since £ M 1 - and div(aVn;) + k 2 aw = 0. 
We now establish the crucial ingredient in the proof of Theorem 

Lemma 3. Let < e < 1 and fc > 0. lei 9 £ £ L 2 (D), g £ € H~^(dD), and v £ € 
be the unique solution of the system 

( Av £ + e 2 k 2 v £ = in R 3 \ D, 

div(aVf e ) + k 2 av £ = 9 £ 



□ 



drj 



1 



ext £ 



aVv £ • T) 



hit 



in Z?, 
on dD 



k i> £ satisfies the outgoing condition. 
In the case M ^ {0} H, assume in addition that I 6 £ e = for all e 6 M. VFe /tawe 



klltfi(B 5 ) < C(||0 e || L a (D ) + ll&ll^-i^j), 



(2.10) 



/or some positive constant C depending only on k, a, a, and D but independent of e, £ 
and g £ . Assume that 6 £ 6 weakly in L 2 (D) and g £ — g weakly in H~z(dD) as e — > 0. 
T/ien u £ — f weakly in H l (D). Consequently, 



lim v e - u L 2 (£)) = 0. 



Here 



i M is defined in 03 
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i) in the non-resonant case: M = {0}, v 6 -ff 1 (-D) is the unique solution of the system 

div(aVv) + k 2 av = 6 in D, 

dVv ■ rj = on dD. 



(2.11) 



ii) in the resonant case: M ^ {0}, v is the first component of the pair (v , w) € W {K") - 
M 1 - which is the unique solution of the systems 



Av = in R 3 \ D, 

div(aVw) + k 2 av = 8 in D, and t 

div(aVu>) + k 2 aw = in D, 
Here M 1 - is defined by (jl.8p . 



aVv ■ rj 



Ov 
. dri 



cxt 



on dD, 



aVw ■ rj = g on dD. 



(2.12) 



Remark 7. The uniqueness of(v,w) follows from Lemma\M The existence of (v,w) will 
be proved in the proof of Lemma 0. 



Proof. We first prove that 

\\v £ \\ L 2 (B5) < c{\\e £ \\ L 2 {D) + \\9 e \\ H -^ idD X 



(2.13) 



by contradiction. Suppose that there exist (9 n ) C L 2 (D) (we also assume that / 9 n e = 

Jd 

(2.14) 



for any e € M in the resonant case), (g n ) C H 2 (dD) and e n — > such that 

2 (dD) 



\Vn\\L*(B 5 ) = 1 and (\\e n \\ L 2 (D) + |M £ f „ n J = 0. 



Here v n E -fT 1 

loc 



is the unique solution of 
f Av n + 4 k 2 v n = 

div(aVw n ) + k 2 av n = 9 n 
1 



-aVf n • 77 



<9?7 ext £ n int 

, u n satisfies the outgoing condition. 



in M 3 \ D, 
in D, 

on dD 



(2.15) 



Multiplying system (|2.15p by v n (the conjugate of v n ) and integrating the expression 
obtained over B4, we have 



L 



\Vv n \ 2 -elk 2 



B 4 \D 



,2 1 

V n + 



1 



(aVu n , Vv n ) 

e n J D e n J D 



7 2 1 |2 

K c m™. 



<9B 4 



<9Vn _ _ 

q Vn i '.In ' a I "11 ' 11 ■ 



9nV n / V„.Vr. 

dD £ n Jd 



(2.16) 
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Applying Lemma HJ we deduce from (|2.14p and (|2.16p that 



\Vv n \ 2 < C, 



which implies, since || fn||z/ 2 (z?) < 1; 



D 



\v n \\ i , < C. 
1 ll H?(dD) - 



(2.17) 



Using Lemma [U from (I2TT41) . (12TT51) . and (j2Tf]) . we have 

IWI#i(B r ) < Cr Vr > 0. 
Case 1: The non-resonant case: M = {0}. 

From ()2.18p and part ii) of Lemma [IJ one may assume that v n — -u weakly in iT 
u n — > u in L 2 {B^) for some t> £ VF 1 (]R 3 ) such that 

Au = inR 3 \Z), 
div(aVf) + /c 2 cif = in L>, 

= on &D. 



(2.18) 



Since M = {0}, it follows that 
Hence 



int 



v = in D. 



(2.19) 



Au = in W \ D, 
v = on dD. 

Since v € W^R 3 \ D) (by LemmaH]), it follows that (see e.g. [TBI Theorem 2.5.14 on page 
64]) 

v = in M 3 \ D. (2.20) 
Combining (|2.19|) and (I2.20p yields v = 0. We have a contradiction since |M|£2( Bg \ = 

hm^oo ||fn||L 2 (B 5 ) = 1- 

Case 2: The resonant case: M ^ {0}. 

Since / 9 n e = for any e € M, it follows from the Fredholm alternative theory (see 

JD 

e.g. pQ or [13| ) that there exists a unique solution Ui n 6 M 1 - of the system 

div(aVf i 5 „) + k 2 avi tn = 9 n in D, 



Moreover, we have 



«Vf i 5 „ ■ r/ = on clD. 

ll u l,n|Ui(D) < C||^n||L 2 (D)) 



2.21 



(2.22) 
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for some positive constant C independent of 9 n . Let i?2, n be the projection of v n — vi >n 
into M i.e. V2 n G M and v n — v% n — i?2 n £ M -1 . Set 



1 



(G M J 



Then 



int. 



£ n aS7w n ■ r] on <9D. 



aVf n • 7] 

We deduce from (|2. 15|) and the definition of M that 

div(aVw n ) + k 2 aw n = in .D, 



a\7w n ■ r) = — 



Combining ([TOD . (j21g|> . and (J2351) yields 

dv n 



cxt 



# n on dD. 



\aVw n ■ ml i ,„ , < 

1 n '"if-2(9D) _ 



cxt 



H~l(dD) 



\9n\ 



H—Z(dD) 



< C. 



Since dw(aVw n ) + k 2 aw n = in D and w; n € M -1 -, it follows that 

From (|2.18p . (|2.26p . and the fact that w n G M -1- , one may assume that 

v weakly in H^ oc (R 3 ), 
- w G M- 1 weakly in H l (D). 



By Lemma E it follows from (|2TTlj) . (12T5|) . (|2T24l . and (12351) that («,«;) G PF 1 
is a solution of the system 



and 



aVi> • r] 



(2.23) 
(2.24) 



(2.25) 



(2.26) 



M J 







on <9L>, 



int. 



dv 

k <9?7 



cxl 



oVw • 77 on <9L>. 



A« = in M 3 \ D, 

div(aVf) + k 2 av = in D, 
div(aVu?) + k 2 aw = in L>, 

We deduced from Lemma[2jthat v = 0. We have a contradiction since ||v||x,2(s 5 ) = 1. 

From Cases 1 and 2, (|2.13|) is proved. Hence we obtain (|2.1U|) by using (|2.13|) and 
applying the same arguments used to get f|2. 18|) . The conclusion of second part is a 
consequence of (|2.10p and can be processed as follows. From (|2,10p . one may assume that 
v £ — 1 v weakly in H l (D) (up to a subsequence). In the non-resonant case, v G H l (D) 
is a solution of the system (12. lip . Since (12.1ip has a unique solution v G H l (D), the 
conclusion in this case holds for the whole family. In the resonant case, applying the same 
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decomposition as in (|2.23|) and using the same facts as in (j2. 15fl . (|2.24p . and (|2.25|) . one 
may assume that (up to a subsequence) 

v £ v G W 1 (R 3 ) weakly in H^(R 3 ), 

< 

w £ -± w G M- 1 weakly in H 1 ^), 

and (v,w) G W /1 (M 3 ) x M 1 - satisfies system (|2.12p . Since system (|2.12p has a unique 
solution in (v,w) G VF 1 (M 3 ) x M 1 - (by Lemma [2]), the conclusion holds for the whole 
family. □ 

2.2 Proof of Theorem d 

We follow the method used in the proof of [X T|, Theorem 2.1]. Let u\ j£ G H^(M. 3 ) be 
the unique solution of 



Define 
and 

We claim that 
and 



Au liE + k 2 u lie = f(=F-\f) 

Ul,e = 

«i j£ satisfies the outgoing condition. 

Wl,e = Ul,e ~ U, 
W2,e = U £ - tli e . 



in R 3 \B £ , 
in B F 



\\ w l,e\\m{B Ar \B r ) < C r s\\f\\ L 2 
l^eWs 1 (B 4r \B r ) < C r e\\f\\ L 2. 



Proof of Claim (I2.27h . From the definition of wi ;E , it follows that w\ :£ G Hr 

satisfies 

A^i >£ + k 2 wi t£ = in M 3 \ B £ , 

Wl,e = ~ u m 9B £ 

u>i j£ satisfies the outgoing condition. 
Define W 1:£ (x) = w 1:£ (ex). Then Wi, E G (R 3 ) and W 1:£ satisfies 

in E 3 \~B~i, 

W x ,e = -u(e-) in dB x 

Wi >E satisfies the outgoing condition. 
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AW 1>£ + e 2 k 2 W lt£ = 



(2.27) 

(2.28) 
and itfi )£ 

(2.29) 



(2.30) 



Since \\u(e-)\\ H i < ||/|| L 2, by LemmaQ] we have 



Ib 



= / \W lte \ 2 <C r \\f\\h- 

B 4:r / s \B r / e 



By a change of variables, 



B ir \B r 



<C r e 2 \\f\\\ 2 . 



(2.31) 



Since At/;i )£ + k 2 w\^ £ = in M 3 \ f? £ , by the regularity theory of elliptic equations, 
Claim (l2T27j) follows from (|2T3T|) . 

Proof of Claim HQS) . It is clear that w 2 , £ € H^M. 3 ) is the unique solution of 
( Aw 2 , £ + k 2 w 2 , £ = in B 3 \ B £ , 

div(A £ Vw 2 ,e) + k 2 Z £ w 2 , £ = F' 1 J in B £ , 



dw 



2.5 



drj 



cxt 



drj 



on <9B £ , 



„ W2, £ satisfies the outgoing condition. 
Define W2, e (x) = W2, £ (ex). Then W% >£ £ iJ (M 3 ) and W^ £ is the unique solution of 



div(aVW 2 , e ) + k 2 aW 2 , £ = f 



dW: 



2,E 



aV^.e • V 

ext £ 



int 



in M 3 \J3i, 
in jBi, 

-g (ex) on aiJi, 
or] 



k W2,e satisfies the outgoing condition. 

Since «i j£ = u?i i£ + u and Wi )£ = ioi )£ (£-), it follows that 

dui, e , s 9Wi j£ 9n 
e-^-Hex) = - (x) + e—{£x) on &Bi. 
or] or] or] 



(2.32) 



From (|2.30p and Lemma [IJ we obtain 

dui :£ 



0)] 



(ex) 



<C\\f\\ L 2. 

ff-9(8Bi) 



We deduce from Lemma [3] that 



||W2, e || H i (B5) < C||/|| i2 . 



Applying Lemma [H we have 



^3 



- / \W2, £ \ 2 <C r \\f\\ 2 L2 . 

B 4r/e\ B r/E 
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By a change of variables, 



B4,.\B r 



\w 2 ,e\ 2 <C r e 2 \\f\\ 2 L2 . 



Claim (]2.28p now follows from the regularity theory of elliptic equations and the fact that 
Aw 2 ,e + k 2 w 2 , £ = in R 3 \ B £ . 

Thus Claims (|2.27p and (|2.28p are proved. Since u £ — u = w\ :£ + W2, £ , (|2.ip follows. 

The rest of the proof goes as follows. Since n(e-) — > u(0), it follows from ()2.30p and 
Lemma Q] that Wx >e -± Wi weakly in (R 3 \ B 1 ) where W\ G W 1 (R 3 \ ~B~i) is the unique 

solution of 

AWi = inM 3 \5i, 



Wi = -u(0) in dB 1 . 

Case 1 : The non-resonant case: M = {0}. By Lemma El W2 , 
where v is the unique solution of the system 

div(aV'O) + k 2 av = / in B\, 



(2.33) 

v weakly in H l (B) 



dVv ■ rj 



Therefore, the conclusion follows in this case. 



on dB\. 



Case 2: The resonant case: M ^ {0}. By Lemma El it follows from (I2.32h that W2, s v 
weakly in H^(R 3 ) where v is the first component of the pair (v, w) E PF 1 (M 3 ) x M 1 - which 
is the unique solution of the systems 



Av = inR 3 \5i, 
div(aV-u) + k av = f in Bi, and < 

div(aVu>) + k 2 aw = in B\, 



aVi • r\ 

dv 







on dBi, 



k drj ext drj 



H — - — = avro • T] on oB\. 



(2.34) 

Hence v depends on u(0) through W\ (see the transmission condition in (|2.34p and the 
system of W\ in (|2.33|> ). Define t> ex t = v + W\ for x G R 3 \ B\, v- in t = v if x G B\, 
and w = w if x G B\. It follows from f|2.33|) and (I2.34p that the triple (v ex t, ^inti w) £ 
VF^M 3 \ B\) x H 1 (B\) x M 1 - is the unique solution of the systems 



Av ext = mR 3 \B u 
div(aVfi n t) + k 2 av m t = f in B±, and < 

div(aVu>) + k 2 aw = in B\ y 



fext - Vmt = -""(0) on dBi, 
a Vf i n t • rj = on dB\ , 

dv ext 



drj 



aVw ■ rj on dB\, 



Since U £ = W2. £ in B\ and W 2)t 
in this case. 



v = fmt = Cls(f) in H 1 (Bi), we obtain the conclusion 



□ 
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3 Proofs of Theorem [2] and Proposition [T] 

According to Proposition (H Theorem [2] is a consequence of the following 
Theorem 4. Let d = 2, k > 0, and < e < 1. Define 

1,1 ifx£R 2 \B £ , 



1 

a(x/e), — a(x/e) if x G B £ 



Let u £ £ Hl c (R 2 ) be the unique solution of 

div(A e Vu e ) + k 2 T, £ u £ = F^ 1 * f inR 2 , 
u £ satisfies the outgoing condition. 
Assume the system is non-resonant^. We have 

C 

he ~ u\\m(B 4r \B r ) < J^J\Wf\\L^ I 3 - 1 ) 

for some C = C(r,k,a,a). Moreover, if U £ (x) = u £ (ex), then U £ — Cfaif) weakly in 
H l (B\). Consequently, 

lim||C/ £ -C/ 2 (/)|| L2(Bl) =0. 
In the rest of this section, we present the proofs of Theorem H] and Proposition [TJ 

3.1 Preliminaries 

In this section we present some lemmas which will be used in the proof of Theorem 0J 
Instead of dealing with the unit ball B\, we will present results for a smooth open subset 
D of M 2 . We will also assume that D C Bi and M? \ D is connected. We first "recall" the 
following result [171 Lemma 2.2] which will be useful in our analysis. 

Lemma 4. Let < e < 1, and g £ € H^{dD). Assume that M. 2 \ D is connected and 
v £ € Hj- oc (M?) is the unique solution of 



Av £ + e 2 v £ = in R 2 \ D, 

v £ = g £ on dD 

v £ satisfies the outgoing condition. 



3 The non-resonant system is denned in Definition [2] 
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We have 



and 



Vs\\m(B r \D) <C r \\ge\\ Hi{dD) Vr>5 



\\Ve\\L2(B ir/s \B T/e ) S ^jl^ll^ll^ (9D) ' 

/or some positive constants C r = C(r,k,D). 



(3.2) 
(3.3) 



ii) Assume that g £ — 5 weakly in H-2(dD). Then v £ 
v G VK 1 (M 2 \ -D) is £/ie unique solution of 



in 



on <9L>. 



u weakly in Hj (K 2 ), where 



(3.4) 



Proof. Inequalities (|3,2|) . and (|3.3p with r = 1 are in [T71 Lemma 2.2] 0. The proof 
of (|3.3p in the general case follows in the same manner. To prove part ii) we process as 
follows. Since (%) is bounded in if* c (R 2 \ D), one may assume that v £ — ^ u weakly in 
(M 2 \ D) (up to a subsequence). Then v G ^(R 2 \ D). This fact is not stated in [TT1 
Lemma 2.2] however the proof is already there (see [X 71 (2.20) and (2.22)]). It is clear that 
v satisfies (|3.4p . Since (|3.4p has a unique solution v G W Al (M 2 \ D) (see e.g. [HI Theorem 
2.5.14 and the remarks on page 64]) the conclusion holds for the whole sequence. The 
details of the proof are left to the reader. □ 

The following lemma plays an important role in the proof of Theorem SJ 

Lemma 5. Let < £ < I, k > 0, £ G L 2 (D), g £ G H~2(dD), a be a real symmetric 
matrix-valued function, and a be a complex function defined on D. Assume that a is 
uniformly elliptic, < ess inf Ufo < ess sup !Ro" < +00 and < ess inf < ess sup < 
+00, and the system is non-resonant^. Let v £ G if 1 (R 2 ) be the unique solution of 



Av £ + e 2 k 2 v £ 







in 



\D, 



div(aVf £ ) + k 2 av, 
Ov, 



drj 



ext. 



aVv £ ■ r] 



in D, 
on 3D 



urt 



v £ satisfies the outgoing condition. 



Then 

i) We have 



\\v e \\hHb 5 \d) < C(\\9 £ \\ L 2 (D) + \\9e\\ H -i {dD) ), 

for some positive constant C depending only on k, a, a and D but independent of e, 
6 £ , and g £ . 



10 There is a typo in [17) (2.4)] for d — 2 where the term e 1 ^ 2 must be replaced by e. 
11 The definition of the non-resonance in this case is the same as the case corresponding to the unit ball 
Bi i.e. if w € W 1 (R 2 ) satisfies (|1.9j) where Bi is replaced by D, then w = 0. 
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ii) Assume in addition that 8 £ — 1 6 weakly in L 2 (D) and g £ — ^ g weakly in H 2 (3-D) 
as e — > 0. T/zen w e — 1 f weakly in H 1 (D). Consequently, 

lim||«e -f||L2(D) = 0. 



#ere u 6 W (R ) is i/ie unique solution of the system 

( Av = in R 2 \ 

div(aVv) + &: 2 cn; = in D, 



(3.5) 



<9u 
<9n 



cxt 



aVi> • n 



g on dD. 



Proof. We first prove that 

Wveh^Bs) < C(\\e £ \\ L 2 (D) + \\9e\\ H -i {9D) ), 



(3.6) 



by contradiction. Suppose that there exist (9 n ) C L 2 (D), (g n ) C i7 z(dD) and (e n ) such 
that (e n ) converges to 0, 



■j n \\ L 2 {B5) = 1 and Hm + llffn|l H _i ) = 0. 



Here v„ £ H 



1 fin>2> 



is the unique solution of the system 
( Av n + e 2 fcV = 

div(aVw n ) + k 2 av n = 6 n 



dv n 
drj 



ext. 



aVv n • 7? 



int. 



5n 



in R 2 \ D, 
in D, 

on 9-D 



(3.7) 



(3.8) 



k v n satisfies the outgoing condition. 



Applying Lemma H] and the regularity theory of elliptic equations, we deduce from (|3.7p 
that 

\\ v n\\HHB r \B z ) <Cr Vr>5. (3.9) 

Multiplying system f|3.8[) with u n (the conjugate of v n ) and integrating the expression 
obtained over B^, we have 



f \Vv n \ 2 -e 2 n k 2 [ \v n \ 2 + [ (aVv n ,Vv n )- [ k 2 a\ 
JB±\D JBi\D Jd Jd 



<B 4 \D 



D JdBi or 



g n v r , 



dD 



20 



Prom ([321) and GSM , it follows that 



Ib 4 



\Vv n \ 2 < C. 

Combining (pTTjl . (1331) . and (pTTO]) yields 
Hence without loss of generality, one may assume that v n 

v n — > v m Lf oc (M 2 ), where u G TU^IR 2 ) (by LemmaH]) is a solution of the system 

f Ad = in M. 2 \ D, 

div(aVi>) + k 2 av = in D, 



(3.10) 



(3.11) 



v weakly in H^ {E?) and 



<9u 
, drj 



cxt 



on 3D. 



Since the system is non-resonant, v = 0. We have a contradiction since 

IM|l2 (s ) = lim \\v n \\ L 2 {B ) = 1. 

Hence f|3.6[) is proved. Using the same argument to obtain (|3.1ip . we deduce part i) of the 
conclusion from f|3.6|) . Part ii) of the conclusion follows from part i) and the uniqueness 
of system (j3.5l) . □ 



3.2 Proof of Theorem H 

The proof of Theorem U] is quite similar to the one of Theorem [3l However instead of 
using Lemmas [Q [21 and [3l we apply Lemmas [H and [5j For the convenience of the reader, 
we present the proof. 

Let iti, e G Hl^M 2 ) be the unique solution of 



f Au 1i£ + a ; V, £ = /(= j f £ - 1 J) 

«l,e = 

«i j£ satisfies the outgoing condition. 



in R 2 \B £ , 
in 5, 



Define 
and 

We claim that 



u i, 



u, 



W2,e = U £ - Ux )£ . 



< 



In el 



(3.12) 
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and 



l w 2,e||ifl(B 4r \B r ) < 



( r 



In el 



L 2 ■ 



(3.13) 



Step 1: Proof of Claim (13. 121) . From the definition of u?i |E , it follows that wi >£ G -ff^M 2 ) 
and w;i i£ satisfies 

Aioi iE + k 2 wi t£ = 



in M 2 \ B £ , 

iwi,e = — u in <9i? e 

w;i )£ satisfies the outgoing condition. 
Define Wi i£ (x) = u/i, e (ex). Then W lj£ € H^iM 2 ) and Wi, e satisfies 

' AWi, B + e 2 A; 2 Tyi, e = in M 2 \ £ a , 

W 1)6 = _«(£.) in 9Bi 

Wi !e satisfies the outgoing condition. 
Since \\ u t £ -)\\ H h dB , ^ II/IIl 2 > by Lemma| we have 



(3.14) 



B 4r / e \B r / l 



By a change of variables, 



B4 r \B r 



Ins 



L 2 ' 



(3.15) 



Since Awi j£ + k 2 w\^ £ = in M 2 \ £> £ , by the regularity theory of elliptic equations, 
Claim fllEIZH follows from ((335]). 

Step 2: Proof of Claim (I3TT3D . It is clear that w 2 , £ € H^R 2 ) is the unique solution of 

( Aw 2 , £ + k 2 w 2 , £ = in M 2 \ B £ , 

div(A £ Vw 2 , £ ) + k 2 Z £ w 2 , £ = F-\f in B £ , 



dw 



2.5 



cxt 



drj 



on <9£> e , 



, w 2 e satisfies the outgoing condition. 
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Define W 2 , £ (x) = w 2fi (ex). Then Wi, £ G /^(M 2 ) and W 2t£ is the unique solution of 
( AW 2 ,e + e 2 k 2 W 2 ,e = inM 2 \Si, 
div(aVW 2)£ ) + k 2 aW 2 , £ = f in B 1} 

dWo £ 



aVW 2 ^ £ ■ Tj 



-e (ex) on oBi, 
or] 



W 2)£ satisfies the outgoing condition. 
Since u\ i£ = wi )£ + u and W\ j£ = wi <£ (e-), it follows that 

dux >e dW li£ du 

e—^(ex) = (x) + e— (ex) on dB 1 . 

or] Or] or] 



From (|3.14p and Lemma HI we obtain 

dui f 



d)] 



(ex) 



<C\\f\\ L 2. 



We deduce from Lemma [5] that 



Applying Lemma HI we have 



\W- 



2,s\\m(B 5 ) 



<C\\f\\ 



L 2 ■ 



B4r/e\B r /i 



\W2, £ \ 2 <J^\\f\\h. 



By a change of variables, 



\W2, £ \ < 



d r 



B^ r \B r 



lneP"-" 1 ^- 



(3.16) 



Claim (|3,13p now follows from the regularity theory of elliptic equations and the fact that 
Aw 2i£ + k 2 w 2 , £ = in R 2 \ B £ . 

Thus Claims (|3.12p and (|3. 13|) are proved. Since u £ — u = w\ :£ + w 2:£ , (|3.ip follows. 

The rest of the proof now follows from the following facts: 

a) W 1>£ W x = -u(0) weakly in H^M 2 \ B~i) since W x £ W 1 (R 2 \B 1 ) is the unique 

solution of 

AW! = inM 2 \Si, 

(3.17) 

Wi = -u(0) in dB x . 

by Lemma HI 
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b) W 2)£ — 1 w weakly in W 1 (R 2 ) where t> is the unique solution of the system 

( Av = inM 2 \Si, 
div(aVf) + k 2 av = f in Si, 



dv 
drj 



ext. 



aVi> • 77 



on dBi, 



□ 



since Wi = — u(0) in R 2 \ B\ by statement a), and (|3.16[) holds, 
c) C/ £ = W 2)£ in Si and v = C7 2 (/). 

3.3 Proof of Proposition Q] 

Proposition [1] is a consequence of the following lemma. 

Lemma 6. Let k > 0, < c\ < c 2 < oo, 8 € L 2 (B\) and g € H^{dB\). Assume that 
c\\i\ 2 < {a£,£) < c 2 |£| 2 , < Q(cr) < c 2; c x < 3i(cr) < c 2 on S x . T/ien there exists k > 
depending only on c\ , and c 2 suc/i £/ia£ if < k < ko then there exists a unique solution 
v £ W 1 ^ 2 ) of the system 

( Av = in M 2 \B~i, 

div(aV^) + k 2 ov = 6 in B\, 



(3.18) 



dv 
drj 



cxt 



aVi> ■ rj 



int 



+ g on dB\. 



Proof. We only prove the uniqueness of v. The existence of v follows from the uniqueness. 
For this end, it suffices to prove that v = if v £ iy 1 (M 2 ) is a solution of 



( Av = in R 2 \ Bi, 

div(aVu) + k 2 av = in Si, 



(3.19) 



dv 
. drj 



aS/v ■ r) 



on dB\. 



Since v € W 1 (W), it follows from ([37T9]) that (see e.g. pi] or [THJ Proposition 2]) 



dv 



cxt 



and 



|Vv| 2 + / <aVu,Vu>- / k 2 a\v\ 2 = 0. 

i JSi JSi 



(3.20) 
(3.21) 



2 This identity is the key of the proof. 
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Integrating the equation div(aVv) + k 2 av = on B\ and using (|3.20p . we have 



av = 0, 



B-i 



which implies, by a standard compactness argument, 

l|Vw|| L 2 (Bl) > C\\v\\ L 2 {Bl) , 



(3.22) 



(3.23) 



for some positive constant C depending only on c\ and C2. Combining (I3.2ip and fj3.23|) 
yields 

/ |Vw| 2 + / (aVv, Vv) = 
JM 2 \Bi j b 1 

if < k < Uq for some fcg > 0. This implies that v is constant. Hence v = by (|3.22[) . □ 



4 Proof of Proposition 



Define U e = u £ {ex) where u £ = u c o F e . Then U £ is the solution of 
r AU £ + e 2 fc 2 C/ £ = in K 3 \ B u 



div(aVC/ e ) + k 2 aU e = e 



n, 



dU F 



di] 



- -aVU £ ■ rj 

ext £ 







int 



on dBx, 



y U £ satisfies the outgoing condition. 



Step 1: Proof of part i). It suffices to prove 

lim inf e||J7 e || „i 



m{dBi) 



>0, 



(4.1) 



since u c = U £ in B\. We will prove (|4.1j) by contradiction. Suppose that there exists 
e n — > such that 



lim £ n ||i7nll l , . = 0, 



where C/ n is the solution of 



f AC/ n + 4fc 2 i7 n = 



div(aVf7 n ) + k 2 aU n = e 



<9// 



1 



ext £ r 



-aV[/ n ■ J) 



in 1R 3 \ Bi, 
in 5i, 

on <9f?i, 



„ U n satisfies the outgoing condition. 
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By Lemma [H we have 



lim ^11^11^1(^0= Vr>1 ' 



r2 1,2, 



lim e n 

n— >oo 



Hence, since 



dU„ 



drj 



aVU n ■ r] 

cxt En 



= in 


R 3 


\B 


dU n 






drj 


ext 




= 


on 


dB 



0. 



lim 

n— >oo 



aVU n ■ rj 



hit 



= 0. 



(4.2) 



Multiplying the equation div {aVU n )+k 2 aU n = e by e, integrating the expression obtained 
on B\, and using the fact that e £ M, we have 



(aVU n ■ rj)e = I |e| 



1. 



(4.3) 



Combining (|4.2p and (|4.3p . we have a contradiction. 

Step 2: Proof of part ii). Since e is radial, a = X\I, and a = A2 for some positive constants 

gike\x\ 

- — if \x\ > 1 for some positive constant 



Ai and A2, U £ is radial. This implies U £ {x) = c £ 

|X 1 

c £ . Hence the conclusion of part ii) follows from (|4.ip and the fact that u c (x) = U £ {x/e) 
for x € 5 4 \ B 2 . □ 

5 Proof of Proposition [3] 

Define f7 £ = u £ {ex) where u £ = u c o F £ . Then U £ is the solution of 



( AU £ + e 2 k 2 U £ = 
div(aW e ) + k 2 aU £ = e 
dU £ 



drj 



ext. 



aVJ7 e • rj 







hit 



in R 2 \ Bi, 
in Si, 

on dB\, 



, ?7 e satisfies the outgoing condition. 

Step 1: Proof of part i). It suffices to prove 

liminf 



£->0 



£\\H 1 (Bi) — °°) 



(5.1) 



since u c = U £ in B\. We will prove (|5.ip by contradiction. Suppose that there exists 
e n — > such that 

sup 1 1 [/"nil #1(50 < +00, (5.2) 

nGN 
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where U n is the solution of 



f AU n + e 2 n k 2 U n = 



div(aVU n ) + k 2 aU n = e 
dU n 



cxt 



aVU n ■ T] 







mt 



in R 2 \ Bi, 
in B 1 , 

on 6>5i, 



k {/„ satisfies the outgoing condition. 
By Lemma HI we have 



It follows from (15.21) that 



sup||i/ n || H1(B re x < +oo Vr>l. 

neN V X ; 



sup ||C/ n || H i (Br) < +oo Vr > 1. 

Applying Lemma[U we may assume that U n — ^ f7 in //^(M 2 ) for some J7 € VF 1 (M 2 ) which 

satisfies 

( AU = inR a \5i, 



div(aVU) + k 2 aU = e in B u 



(5.3) 



dU_ 

drj 



aVU ■ T] 



on dBi, 



However, system (|5.3p has no solution in VF 1 (1R 2 ) since e£JV, We have a contradiction. 

Step 2: Proof of part ii). For notational ease, we will assume that Ai = 1 and A2 = A. 
Since e is radial, a = I, and a = A, U £ is radial. Thus U £ can be written under the form 

U e = c e Hq (ekr) for r = \x\ > 1. 

This implies 

c £ ekd r H^\ek) for r = \x\ = 1. (5.4) 



dU F 



drj 

Since e is radial, e e VF 1 (M 2 \ Bi), and Ae = in M. 2 \ Bi, it follows that e is constant in 
R 2 \B 1 . Hence 

— = ondBi. (5.5) 



It is clear that 



AU £ + k 2 XU £ = e in B x and Ae + A; 2 Ae = in B 1 . 



Multiplying the first equation by e, the second equation by U £ and integrating the obtained 
expressions on B\, we have 

dU £ _ 



VU £ Ve - k 2 \U £ e 



Ie| 2 + 



dB 1 dv 
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and 



VeVU e - k 2 XeU £ = I ^U £ = 0. 



Si JdB 



(in the last equality, we used (|5.5p ). This implies 

1-/ le 

It follows from (15.41) that 



2 _ / dU £ . 



dB 



[ ec £ ekd r H { 1] (ek) = 1. 

JdB 1 

We recall that, see e.g., Chapter 3], 

lim 2-^ = , (5.6) 

which yields 

\Ce\ > C, 

for some positive constant c. Hence 

|J7 e (a;/e)| > c\H^\k\x\)\ for 2 < \x\ < 4. 
Since u c (x) = U £ {x/e) for x € -B4 \ -E>2 5 the conclusion of part ii) follows. □ 

6 Proof of Proposition |4] 

This section is devoted to the proof of Proposition HI It suffices to prove the following 
proposition. 

Proposition 6. Let d = 2,3, k > 0, and <jq > be such that j' (ko~o) = if d = 3 and 
Jq(A;o"o) = if d = 2. T/ien t/iere exists a family of positive numbers (o~ £ ) such that 

< liminf £ _ s> o£ _1 |o'E — o~o\ < limsupj^ge -1 !^ — oo| < +00 if d = 3, 

< liminf £ ^o I lne||o" £ — cr 1 < limsup^g I lne||o" £ — o"o| < +00 if d = 2, 
and 

{ W^olli 2 (b 4 \b 2 ) ifd = 3, 
II^c, s ||l2(b 4 \b 2 ) > < 

{ \\ h o\\l2(B4\b 2 ) if a = 2. 

Here u CjS € -ff ; * c (M rf ) is such that u CjS satisfies the outgoing condition and ifu c := u CjS + u Cj j 
with 

\ 3o(k\x\) ifd = 3, 

U c i = S 

[ J (k\x\) ifd = 2, 

then u c is a solution of the equation 

div(A c Vu c ) + k 2 Yi c u c = 0, 
where (A c , S c ) is defined in (|1.5|) with a = I and a = a £ . 
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Hereafter ho denotes the spherical Hankel function of the first kind of order 0, jo = 
K(/iq), and yo = S(/iq), and Hq denotes the Hankel function of the first kind of order 0, 
Jo = »(if ), and Y = 3(# ). 

Proof. Set u £ = u c o F £ and u £tS = u £ — u Cy i where F £ is given in (jl.ip . According to 
Proposition El i% = u c and u £iS = u CiS in M. d \B2, u £:S satisfies the outgoing condition, and 
u £ is the solution of the equation 



div(A £ Vu £ ) + k 2 Z £ u £ = 0, 



where 



1,1 ifxeR d \B £ , 



A £ ,X £ = { 



e d-2 ' £ d 



if x G -B e . 



Define f/ e (x) = and U £tS (x) = u £:S (ex) = U £ (x) — u Ct i(ex) for x G M d . Then 

U £tS (x) = u CjS (sx) for \x\ > 2/e, U £ satisfies the equation 

div(l £ W £ ) + k 2 t £ U £ = 0, 

and U e s satisfies the outgoing condition. Here 



J, e 2 if x G R d \ Bt 



K £ d-2> £ d-2 



if x G -Bi. 



Step 1: cZ = 3. It is clear that 

U e ,i = jo(ke\x\), U £S = a h (ke\x\) for \x\ > 1, 



and 



U e ,t = Pojo(k e \x\) for \x\ < 1, 



where k £ = ka £ , U S) t := U S)S + U E> i = U £ in Sj, for some «o,A). Using the transmission 
conditions, namely, 

+ f7 e ,» = U £<t on 



we have 



It follows that 



du e , 8 au e>i idu £)t 

—^— + ^— = a — ondBx, 

or or e or 

a h (ke) + jo(ke) = /3 jo(k £ ) on dB 1 , 

a keh' (e) + kej' {e) = lk £ j3 j' (k £ ) on dB 1 . 

kej' (ke)j (k £ ) - lk £ j (ke)j' (k £ ) 
keh' (ke)j (k £ ) - lk £ h (ke)j' (k £ )' 



5.1 
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Since yo(t) = cost/t, we have 



.2y'o( k£ ) _ ,2( 1 sin(fce) 



te 2 ^7-4 = ke z [ - ^-4 =-£- ke 2 sm(ke)/cos(ke). 

yo(ke) \ ke cos(ke) 



Let a £ be such that k £ = ka £ converges to kao and 

-e — ke 2 sin(fe) / cos(fce) . 



3o{k £ ) __ _ ,_ 2 



h(k £ ) 

Then the complex part in the denominator of the RHS of f)6. 1 1) equals 0. On the other 
hand, the real part in the denominator of the RHS of ()6. 1 j) equals the numerator of the 
RHS of (EU). Hence it follows from (ED that 



«o = -1) 

which implies the conclusion in the 3d case since u CjS (x) = U £ ^(x/e) for |z| > 2. 
Step 2: cZ = 2. It is clear that 

U e ,i = Jo(ke\x\), U £>a = aoH Q (ke\x\) for \x\ > 1, 

and 

U £ ,t = (3oJo(k £ \x\) for \x\ < 1, 

where & £ = fccr £ , f7 £) t := U £)S + j7 ej j = U £ in £>i, for some «o,A)- Using the transmission 
conditions, namely, 

f/ £)S + f7 £) i = U £:t on 

<9c/ £ , s ac/ £ii du £ . t 

or or Or 

we have 

a H Q (ke) + J (ke) = (3 J (k £ ) on dB x , 



Thus it follows that 



aoksH^ke) + keJ^ke) = k £ (3 jQ(k £ ) on dBi, 



_ fc£Jo(fcg)J (A: £ ) - k £ J (ke)jQ(k £ ) 
a ° keH' Q {ke)J Q {k £ )-k £ H {ke)4{k E y K '> 



Since y (*) = f ln(*/ 2 ); we have 

y '(te) _ 1 



y (fee) ln(fce/2) 
Let <r £ be such that k £ = ka £ — > kao an d 

i k £ Jp(k £ ) _ 1 
Jo(A: £ ) " ln(te/2) ' 

Then as in the 3d case, «o = ~~ 1> and the conclusion in the 2d case follows from the fact 
that u C)S (x) = U EiS (x/s) for \x\ > 2. □ 

Acknowledgments. The author thanks Bob Kohn for stimulating discussions and useful 
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